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Abstract This work has two main objectives: to bring further

attention of the power community to the use of signal processing

techniques and to analyse when the required statistics of the sig-

nal is extracted correctly using time averages. Signal processing

tools are well known for researchers in power systems, and they

have been used for instance in power quality assessment, andin

particular for harmonic detection and characterisation. It is pre-

cisely in this specific problem where the so-called higher-order

statistics could play a decisive role.

Usually, the available system information is in the form of sam-

pled signals (like voltage or current), and from them, via time

averaging, the statistics have to be estimated. When expected

values can be obtained is this way, the signal is said to be er-

godic. So, ergodicity is vital for the applicability of statistical

signal processing algorithms, and as such, it will be the centre of

attention of this work.
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1. Introduction

Signal processing is a subject dealing with useful tech-
niques to extract as much information from a sequence,
pursuing a wide variety of objectives. If the sequence
or signal of interest is stochastic, statistic signal process-
ing should be considered, its applications ranging from
biomedicine to radar, from oceanography to astrophysics.
Electrical engineering is also included in this vast list, not
only in communication problems, but also in power ones.

Statistical signal processing has been successfully applied
to electrical machines, power quality and wide area sys-
tems [1] to name just a few areas. Traditional goals of
these techniques have been Fourier analysis, parameter ex-
traction, linear system modelling which can be used in
control problems, system analysis, etc. It is important to
note that in all these mentioned examples, the signal statis-
tics must be first obtained, in order for the method to work.

Within the wide variety of available techniques, the knowl-
edge requirements concerning the signal statistics are from
the expected values of single random variables (mean val-
ues) to the expected values of products of two, three or
even more random variables (second and higher-order mo-
ments of the random distribution). For example, one way
of computing the spectrum of a given signal is comput-
ing the Fourier transform of its autocorrelation sequence
(second-order statistics).

Resorting to higher-order statistics (HOS) could be desire-
able, or a must, when:

• additive Gaussian noise is present,
• the signal shows some kind of non-linearity.

This is so because the cumulants, which are the higher-
order moments of the probability distribution, are immune
to Gaussian noise and detect non-linearities [2]. These
properties are already exploited by the Power Engineering
community [1], although its use is not yet very spread out.

Unfortunately, the signal statistics are rarely known in ad-
vanced, and must be estimated via time sampling followed
by averaging. In this case, the signal is said to be ergodic.
So ergodicity is a pre-requisite for any of the statistical
methods to succeed.

This work reviews the known conditions for fourth-order
ergodicity to holds and then hows the implications that
(lack of) ergodicity has on the behaviour of signal pro-
cessing methods applied to harmonic detection and char-
acterisation, one of the central problems in power quality
assessment.



2. Fourth-order ergodicity

In this section the basic definitions related to second- and
higher-order statistics are first recalled, and later the con-
ditions for ergodicity to hold are overviewed.

A. Definitions

Let the random signaly(n) be defined as

y(n) =
p

∑
i

Ai exp( jΩin) (1)

whereAi = Bi exp( jψi) with Bi a random variable taking
values in[0,∞), with positive expected value, andψi ran-
dom in [−π,π]. Its second order momentsm2(τ) are de-
fined as

m2(τ) = E[y∗(n)y(n+ τ)] (2)

where E[·] denotes the expected value operator, signaly(n)
is assumed to be stationary —i.e. its statistics does not
depend on time indexn—, and since (1) has zero mean,
the especial casem2(0) = σ2

y is the variance of signaly(n).

The previous definition can be extended to the product of
more than two random variables. For instance, the third-
order moment can be defined as follows

m3(τ,ρ) = E[y∗(n)y(n+ τ)y(n+ρ)], (3)

and similarly the fourth-order ones

m4(τ,ρ,λ) = E[y∗(n)y(n+ τ)y(n+ρ)y(n+λ)]. (4)

The information contained in these moments can be rear-
ranged to form the cumulants, in particular, in this work
fourth-order cumulants will be considered

c4(τ,ρ,λ) =m4(τ,ρ,λ)−m2(τ)m2(ρ−λ)−
−m2(ρ)m2(τ−λ)−m2(λ)m2(τ−ρ).

(5)

Cumulants are more suitable for certain applications that
moments, as explained in the introductory section.

As information about the signal statistics is usually lim-
ited, the expected value operation can not be carried out,
but instead this operator has to be estimated via time aver-
ages. For instance,m2(τ) can be estimated through ˆm2(τ),
whenN values ofy(n) are available, defined as,

m̂(N)
2 (τ) =

1
N

N

∑
k=1

y∗(k)y(k+ τ) (6)

Then fourth-order moments can be computed in a sim-
ilar fashion, and (5) provides the estimated cumulant

ĉ(N)
4 (τ,ρ,λ) when exact expectations are replaced by av-

erages.

For this process to make sense, it is clear that

lim
N→∞

ĉ(N)
4 (τ,ρ,λ) = c4(τ,ρ,λ) (7)

must hold, i.e. the signal must be fourth-order ergodic.

B. Conditions

After some algebra, conditions for fourth-order ergodicity
are obtained in [3]:

F1) Φ2 = Φ1,
F2) A∗

i A jAkAl is non-random,∀ (i, j,k, l) ∈ Φ2,
F3) Φ4 = Φ3,
F4) eitherΦ3 does not exist, or, if it exists,|Ai |

2 is non-
random∀ i = 1, ..., p, andΦ5 does not exist.

where the following sets are defined

Φ1 ={(i, j,k, l)/1≤ i, j,k, l ≤ p,Ω j +Ωk+Ωl−

−Ωi = 0(mod 2π)},
Φ2 ={(i, j,k, l)/1≤ i, j,k, l ≤ p,E[A∗

i A jAkAl ] 6= 0},

Φ3 ={(i, j)/1≤ i, j ≤ p,Ω j +Ωi = 0(mod 2π)},
Φ4 ={(i, j)/1≤ i, j ≤ p,E[AiA j ] 6= 0},

Φ5 ={(i, j)/1≤ i, j ≤ p, i 6= j,E[A∗
i A j ] 6= 0}.

A case of conflict is clearly spotted when, for instance,
condition F1 is not fulfilled. This happens when there are
a quartet of harmonically related frequenciesΩ j +Ωk +
Ωl −Ωi = 0(mod 2π), with not coupled phasesψ j +ψk+
ψl 6= ψi . For the particular case of a discrete signal (1)
obtained after sampling at ratefs of a continuousy(t) with
frequenciesfi , the harmonic relation now reads

f j + fk+ fl − fi = k · fs. (8)

This equation clearly shows the influence of the sampling
frequency on the signal ergodicity. If a non-ergodic signal
results after sampling, based on the analysis in [3] it can
be deduced that fictitious peaks appear in the higher-order
spectrum.

3. Examples and simulations

To corroborate the previous theoretical results, two differ-
ent systems will be considered:

1. a non-linear capacitor,

2. an arc-furnace.

Due to the non-linear behaviour that both of them have,
harmonic components of the fundamental frequency will
be present in the voltage and current.



0  0  

fs
2 fs

2
f3 f3f0 f0fy fz

Fig. 1– 2-D slice of trispectrum ofi(t), T( f0, fy, fz), estimated

with fs = 400 Hz. Note thatf3 = 150 Hz.

A. Non-linear capacitor

The harmonic analysis of the current through a non-linear
capacitor described in [4] is used:

i(t) =A1exp[j(w0t +ϕ)]+A1exp[−j(w0t +ϕ)]
+A2exp[j(3w0t +3ϕ)]+A2exp[−j(3w0t +3ϕ)]

where a cubic phase coupling is present atw0, hence the
trispectrumT(wx,wy,wz) have one and only one peak at
T(w0,w0,w0). Through sampling, the signal can be forced
to show harmonically related frequencies, albeit not cou-
pled in phase, hence the signal is not ergodic and fictitious
peaks generate at the trispectrum (see figure 1).

In [4] this behaviour was explained according to (8) pre-
sented without further justification. Nevertheless, the ex-
planation that can be found there is still valid.

B. Arc furnace

Electric arc furnaces are known to be a highly non-linear
and stochastic load [5]. The first property is responsible
for the existence of current and voltage harmonics in the
supplying grid, while the second property is responsible
for the flicker effect. Note that the stochastic character
of the load is caused by the stochastic change of the arc
length.

Here, we will only focus on the harmonic analysis, so the
arc length will be constant, and the V-I characteristic curve
will be given by [6]:

Va =Vat +
C

D+ Ia
(9)
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Fig. 2– CharacteristicI −V curve of an electric arc furnace.

whereVa is the arc voltage,Ia is the arc current, andVat, C
andD are model constants that for this particular case:

Vat = 200 V

D =

{

5 kA, DIa
dt > 0

5 kA, DIa
dt < 0

C=

{

190 kW, DIa
dt > 0

39 kW, DIa
dt < 0

.

(10)

The above equation (9), only gives the V-I characteristic
curve for positive values of the arc currentIa, but the curve
being symmetrical about the origin, the expression valid
for the wholeIa range is:

Va = sign(Ia)

[

C
D+abs(Ia)

+Vat

]

, (11)

that is graphed in figure 2, as a clear example of a process
showing hysteresis.

Instead of using some of the available techniques to simu-
late such a complex behaviour [7, 8], in this work we will
assume a sinusoidal currentIa so we can obtain the voltage
Va in a straightforward way just applying (9). Although
this approach is not realistic, it will suffice to illustrate
the previous analysis, in particular the implications thatthe
sampling frequency have on the ergodicity of signals and
related consequences.

Under this conditions, assume then that, after sampling at
a rate offs samples per second,

Ia(n) = I0sin(2π50/ fsn). (12)

that combined with (11) produces a voltage in the furnace
arc as shown in figure 3, where a few fundamental cycles
are included to notice the highly distorted resulting func-
tion.

The frequencies present in a voltage signal derived from
such a non-linear function are known to be all multiples
of the fundamental one in theory, and up to a very high
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Fig. 3– Distorted voltage in the arc furnace, from (11) and (12).
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Fig. 4– Power spectrum of the voltage of figure 3 after a low pass

filter with fco = 150 Hz.

number (20–30) in practice. Here, in order to emphasise
the later higher-order analysis, a low pass filter of cut off
frequencyfco = 150 Hz is used. Then, the analysis starts
with a fs = 500 Hz, resulting in the power spectrum of
figure 4. Frequencies above the Nyquist frequency should
be interpreted as the negative frequencies also present in
any real signal, in this case -50 Hz and -150 Hz primarily,
—i.e. 500-50=450 Hz, and 500-150=350 Hz.

When the attention is focused on fourth-order statistics in-
stead of on second-order one, the only peak in the trispec-
trum T( fx, fy, fz) should be at(50,50,50), since the elec-
tric load is only supplied with a 50 Hz current. This is
interpreted as the only cubic-phase coupling caused by the
non-linear load. To check this point, figure 5 shows the
contour plot of the 2D-sliceTe( fy, fz) of the trispectrum
T(50, fy, fz).

The functionTe( fy, fz) is symmetrical about thefy = fz
line, but even considering this, a quite amount of peaks
are present, but remember that only one, at(50,50) is ex-
pected due to the non-linearity giving rise to a cubic cou-
pling. The rest appears because of condition (8) holds for
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Fig. 5– Contour plot of 2-D slice of trispectrum,T(50, fy, fz),

where additional peaks to the(50,50,50) peak are present. Note

that fs = 500 Hz.

TABLE I– Condition (8) for all fictitious peaks of figure 5.

Remember the correspondence 450Hz→−50Hz and 350Hz→

−150Hz.
( fy, fz) ( f j , fk, fl ) f j + fk+ fl − fi = k · fs

(450,450) (50,-50,-50) 50-50-50-(-50) = 0
(450,50) (50,-50,50) 50-50+50-50=0
(150,150) (50,150,150) 50+150+150-(-150) =500
(350,50) (50,-150,50) 50-150+50-(-50) =0
(350,150) (50,-150,150) 50-150+150-50=0
(350,450) (50,-150,-50) 50-150-50-(-150)=0

all of them. Recall that condition (8) can be interpreted
as if there is a cubic-coupling of frequenciesf j , fk and fl
to give fi , but as it has been already theoretically shown,
this coupling is fictitious, and it is an artifact of the sam-
pling process that affect ergodicity, preventing ergodicity
to holds in these cases. In this particular examplef j = 50,
fk = fy and fl = fz, so the particular form of (8) for the
peaks in figure 5 can be summarised in table I.

Choosing a different sampling frequency for the analysis
can be of help to realise that the fictitious peaks are in-
deed fictitious, and they are not inherent to the signal un-
der consideration. Figure 6 shows the 2-D sliceTe( fy, fz)
for fs = 475 Hz, where, except for the true cubic-coupling
peak at (50,50), the remaining peaks are at different posi-
tions (hence, they are not true peaks).

As before, now table II summarises the exact form of con-
dition (8) for all the fictitious peaks of figure 6.

4. Conclusions

An overview of existing conditions for fourth-order ergod-
icity has been carried out in this work. The subsequent
analysis, corroborated via simulations, allows us to claim
the main contributions:
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Fig. 6– Contour plot of 2-D slice of trispectrum,T(50, fy, fz),

where additional peaks to the(50,50,50) peak are present. Note

that fs = 475 Hz.

TABLE II– Condition (8) for all fictitious peaks of figure 6.

Remember the correspondence 425Hz→ −50Hz and 325Hz→

−150Hz.
( fy, fz) ( f j , fk, fl ) f j + fk+ fl − fi = k · fs

(425,425) (50,-50,-50) 50-50-50-(-50) =0
(425,325) (50,-50,-150) 50-50-150-(-150)=0
(425,50) (50,-50,50) 50-50+50-50 =0
(325,150) (50,-150,150) 50-150+150-50=0
(325,50) (50,-150,50) 50-150+50-(-50)=0

i) To arise awareness of the benefits that higher-order
statistics can bring to traditional and new problems in
Electrical Engineering (Power Engineering).

ii) To highlight the relationship between ergodicity and
sampling frequency, and that an incorrect choice of
the latter can deny the former.

iii) To actually show, both from existing theory and from
simulations involving current harmonics, that when
ergodicity does not hold, the spectral analysis is mis-
leading.

Extensions of this work to other power engineering areas,
such as wide-area system analysis, are under considera-
tions.
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