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Abstract. The equipment availability can be obtained 
from the ratio between the average operation time and the 
average operation time more repair time. The Mean Time 
Between Failures (MTBF) is used as a measure of the 
unavailability of a system. Thus, predicting the MTBF is 
an important aspect for maintenance management. This 
paper aims to present a bayesian reliability model applied 
in a multi-criteria decision support system maintenance 
management of hydroelectric plant and its electric power 
substation. Therefore, this paper shows the studies of 
statistical techniques Markov Chain Monte Carlo 
(MCMC) and multi-criteria decision support system 
(MDSS) to aid maintenance strategy. This studies aim to 
enable the implementation of the model in the same 
computing environment. 
 
Keywords: reliability, Bayesian inference, 
unavailability, multiattribute utility theory. 
 
1. Introduction 
 
In order to study the operational availability the use of 
the techniques of Bayesian inference [1] with 
applications in system reliability [2] will be analyzed. 
The study evaluates solutions to determine the Mean 
Time Between Failures (MTBF) under shortage of data.  
 
Additionally, studies will examine the use of the multi-
criteria decision support systems [3], which allow 
decision makers to intervene formally through multi-
attribute and the risks assumed in maintenance 
management. 
 
2. Operative Unavailability 
 

The statistical methods use the failure rate to calculate 
the probability density function. By Bayesian inference 
analysis, the probability distribution is obtained by means 
of the "prior" distribution and the "posterior" distribution. 
The "prior" distribution represents the existing and 
relevant knowledge about the parameter of interest, 
including the subjective knowledge about the parameter 
characteristics. When the "prior" knowledge is combined 
with other relevant information or data obtained from 
tests, a "posterior" distribution is determined. By Bayes 
Theorem, 
 

 P A | B( ) = P B | A( )P A( )
P B( )  (1) 

where P(A) and P(B) are "prior" probabilities of A and B; 
P(B|A) and P(A|B) are "posterior" conditional 
probabilities. However, calculating the parameters 
functions of posterior distribution is difficult. In complex 
models, analytically integrating out parameters from a 
joint point posterior distribution is generally not possible. 
That situation changed with the advent of MCMC 
algorithms [1].  
 
For Markov Chain Monte Carlo (MCMC), the next state 
is generated by random sampling of the variable value 
not highlighted, X, conditional on the current values of 
the variables Markov. Therefore, the MCMC traverses 
the random state space, reversing the state of a variable at 
a time while maintaining fixed variables highlighted. 
 
 P Xt | X0:t−1( ) = P Xt | Xt−1( )  (2) 
The model, Figure 1, for hydroelectric power plant 
generating unit consists of the states, ϕi, of availability, 

, and unavailability, . The state of φi = A φi =U



unavailability indicates that at least one of the equipment 
has failed . Therefore, the generating unit is out 
of operation (unavailable). 
 

 
Fig. 1. Bayesian model  
 
Where: 
A à indicates an available state; 
U à indicates an unavailable state; 
Eψ à is the equipment ψ, where ψ ∈Ψ I , II , III ,...{ } ; 
t à is the time since the last state transition, Eψ, where 
0 < t < ∞( ) ; e  

n à is the maximum time to Eψ exit the faulire state  
 
The generating unit equipments, Eψ, are a system, ϕ, 
series, and the system reliability is the function  
 
 Rφ t( ) = P Eψ t,µ( ) = A( )

ψ∈Ψ
∏ = Rψ t,µ( )

ψ∈Ψ
∏  (3) 

and Rφ t( ) ≤ min
ψ
Rψ t,µ( )  

 
The transition probability between states, , will 
always be positive and aperiodic. The failure rate (λψ) 
and repair rate (µψ) of each equipment is constant and 
obtained by prior distribution. The failure and the repair 
are considered mutually exclusive. The probabilistic 
behavior of each the equipment depends only on its 
previous state. 
 
Model definitions: 
Df1: ∀ φi →φ j( ) , the Failures are mutually exclusive 
Df2:  

Df3:  

Df4:  

Where: 
ϕi and ϕj à are the states i and j of system ϕ that can be 
available (A) or unavailable (U), mutually exclusive; and 
Ψ1 and Ψ2 à are the equipment of the system ϕ series. 

 
Thus, the transition equations (Figure 1) can be defined 
as 
 

  
P φz Eψ ,t( )|φx Eψ ,t=0( )( )=1− P φy Eψ ,t( )|φx Eψ ,t=0( )( )   (4) 

 

 

  

P φy Eψ ,t( )|φx Eψ ,t=0( )( )= λij ,ψe−λij ,ψ t

λij ,ψe−λij ,ψ t=0( ) = e−λij ,ψ t   (5) 

where: 
ϕx à is the current state of the system; 
ϕy à is the future state of the system (acceptance); 
ϕz à is the current state of the system (rejection); and 
λij,ψ à is the transition rate (repair or failure) of the 
equipment Ψ, state i to state j  
 
So, we have,  

 

  
P At+1 |At( )=1− P

ψ1=min ψ( )

max ψ( )
∑ Eψ1 ,t+1 = U | Eψ1 ,t = A( )   (6) 

 

 

  

P Eψ1,t+1 =U | Eψ1,t = A( )= λψ1
e−λψ1

t

λψ1
e−λψ1

t=0( ) = e−λψ1
t   (7) 

 
3. Multi-criteria Decision Support System  
 
The Bayesian inference can estimate the MTBF and 
system reliability the generating unit. However, possibly, 
there is a risk associated with prescription of MTBF. 
Thus, if the MTBF is overestimated, the failure will 
occur before the preventive maintenance, or if 
underestimated, maintenance can be anticipated 
unnecessarily. In both cases, there are associated costs 
and uncertainties. In this manner, this paper proposes that 
the results of inference bayesian and of multiattribute 
utility are used as input in the multi-criteria decision 
support system for a hydroelectric plant generating unit 
and its electric power substation. 
 
A.  Multi-criteria Methodology 
 
One of the analyses of greater practical relevance in the 
most diverse realms of knowledge consists of 
determining the most feasible solution for a problem 
within many possibilities and criteria. This study can 
involve the assessment of one or more attributes (aims or 
criteria) as the object of study, according to the problem 
model. 
 
The multi-criteria methodology is a procedure applied to 
non-structured problems for analysis as well as the 
documentation of the decision-making process, which is 
subject to multiple solution alternatives. The criteria or 
attributes are associated with the relevant levels of 
importance, allow one to assess the behavior of a specific 
aim, and are related amongst themselves by means of an 
aborescent structure. The Figure 2 shows the structure to 
the problem for electric power substation treated in this 
paper. 
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Fig. 2. Multi-criteria tree of technical aspects 

 
• Reliability - controllability of power transfer, 

high efficiency and improvement in carrying 
capacity; 

• Environmental impact – footprint, limitation of 
electromagnetic and electric field, low level of 
noise emission, and use of waste recycling; and 

• Flexibility - integrated compact design, low 
level of maintenance and easier operation. 

 
However, there is no definition of success for the multi-
criteria assessment, since the best system “is not 
necessarily, that which uses the best techniques, but 
rather that which is capable of inducing the best 
solutions”. Nonetheless, some characteristics are 
relevant, even though they do not guarantee success [4]: 

i. improve the human judgment and not substitute it; 
ii. be flexible and adaptable to changes in the 

decision-making context; 
iii. have accessibility both for specialist users as well 

as for users with little technical knowledge; 
iv. allow for the incorporation of value judgment; 
v. allow for the construction of the model with the 

participation of stakeholders; and 
vi. allow for the incorporation of social, 

environmental, political, and economic variables. 
 
The expected utility model is used to characterize the 
performance of the electric power substation associated 
with the generating unit of the hydroelectric plant. The 
unavailable of the electric power substation implies the 
unavailability of generation unit of the hydroelectric 
plant. 
 
The utility function of the electric power substation has 
multiple attributes, example: failure rate, repair rate, 
configuration. Thus, the utility of the electric power 
substation can be determined by multi-criteria model 
(Figure 2).  
 
B.  Multidimensional utility function 
 
The utility function1, presented by Keeney and Raiffa [5] 
and Dyer [6], is the mathematical representation of the 
decision maker's preference structure, incorporating the 
means of action in situations of uncertainty. The utility 
function is represented by a normalized variable, in 
which zero is associated with the worst acceptable 
consequence, *a , and the value of one with the best 
possible consequence, *a .  
                                                             
1 The value and utility functions represent the behavior of the decision 
within the cardinal scale; nevertheless, only the utility function has 
associated the probability, that is, the difference between both resides in 
the consideration of the stochasticity. 

 
However, there are certain conditions to be satisfied to 
represent the decision maker’s preferences within the 
form of a utility function. This method completely 
assumes the axiomes of the Utility Theory. For this, three 
steps are deemed necessary: 

1) examine the qualitative structure of the decision 
maker’s preferences; 

2) determine a marginal utility function; and 
3) determine the coefficients of the scale. 

 
C.  Problem modeling 
 
A multi-criteria problem obeys a canonic and hierarchical 
form, in which a target (or a vague aim) can be optimized 
by specific aims which themselves are quantified by 
attributes or criteria. Thus, a criterion should be 
measurable and, therefore, characterized by one or 
another cardinal scale [5, 7]. 
 
The mathematic modeling of the make-decision process 
begins with the application of the existence theorem 
which is one of the foundations for the operationalization 
of multi-criteria system; however, it does not provide the 
construction of the value functions. For a group of viable 
alternatives: 
 

   
A = a1,a2 ,…,an{ }  (8) 

defined by the criteria that, themselves, are constructed 
by an ordinal scale of numerical values, the theorem 
establishes that there is a utility function,  U an( ) , for, n, 
alternatives (electric power substation) assessed 
according to the, i, criteria with the following property: 

 

U a1( ) =U a2( )→ a1  a2
U a1( ) <U a2( )→ a1  a2
U a1( ) >U a2( )→ a1  a2

 

 
In this way, it is possible to produce a hierarchy of the 
discrete alternatives, na , that is, if the value of alternative 

1a  is greater than that of alternative 2a , then alternative 

1a  is more appealing than alternative 2a . Thus, each 
alternative refers to a time of maintenance, tp. 
 
The best alternative is obtained from the space,    an

* ∈S . 
In which S  is a space of feasible solutions (Figure 3) 
consisting of n  mutually exclusive alternatives, with 
each alternative assessed in each criterion, i. The 
criterion’s performance is optimized by a value function 
inv , which also finds its importance pondered, iw .  

 
According to Belton and Stewart [8], one alternative, na , 
with k  criteria, can be assessed within an additive 
aggregation function 

 
  
U an( ) = wiui ain( )

i=1

k

∑  (9) 

or within a productive aggregation function 

Electric Power Substation

Desing Reliability Operational 
Flexibility 

Environment 
Impact



 
  
U an( ) = ui ain( )⎡⎣ ⎤⎦

i=1

k

∏
wi

  (10) 

or, according to Hobbs and Meier [9], within an 
estimated utility 

 
 
ξ U an( ){ } = Pi ain( )ui ain( )dan

i

k

∫  (11) 

in which ( )i inP a  is the density-probability function of 

the criterion i for the alternative n, while ( )i inu a  is the 
value (utility) of the criterion i of alternative n. The 
space, S , (Figure 3) consisting of feasible alternatives, 
forms a region denominated as the Pareto Frontier, where 
there is an alternative which, when the performance in a 
criterion is improved, it does not worsen the condition of 
the rest, or at least these remain constant: The Pareto 
Optimality. 

 
Fig. 3. Feasible space and Pareto Frontier, adapted from 
Miettienen [10] 
 
For a problem of maximization, there is: 

 

   

max u1 a1n( ),u2 a2n( ),...,ui ain( ){ }
s.t. an ∈S

  (12) 

in which *
na ∈ S  is the Pareto optimality if there is no 

other *
na ∈ S  such that 

  
ui aip( ) < ui ain

*( )  and for some 

  
u j a jp( ) ≤ uj a jn

*( ) , with { }1,2,...,j k∈  for at least one 

alternative n p≠ .  
 
Consequently, the optimization problem can be solved as 
in (2), adapted from Gass and Saaty [11] and from Zadeh 
and Desoer [12], in the following manner: 

 

  

max
ain

wiui ain( )
i=1

k

∑

s.t. wi = 1 , wi ≥ 0, ∀ i = 1,...,k
i=1

k

∑
 (13) 

 
Upon assuming that a Pareto Optimality does exist, 
*
na ∈ S , for a convex problem, there is the vector 

   
w wi ∈ + , i = 1,...,k( )  which corresponds to *

na . This, 
however, does not imply one sole vectorw related to the 
Pareto optimality. Nevertheless, the soft modeling, called 

multi-criteria optimization, treats whole problems, with 
the vector w  remaining constant. Conventionally, in an 
attempt to distinguish from the multiobjective 
optimization in which the problems can be continuous 
and not whole, for the multi-criteria decision support 
process's optimization, the solution is treated as the best 
possible, * ina , since vector w  is directly influenced by 
the decision, which could deviate the solution of the 
overall optimum, *

na . 
 
In this sense, the multi-criteria decision support process's 
optimization is limited by the importance attributed to the 
criteria by the vector w  as well as by the behavior of the 
functions in which, at times, improving its performance 
can imply an approximation to the lesser absolute value 
of the criteria or of the greater absolute value of the 
criteria. These functions limit the performance of a 
criteria i, both possibly decreasing or increasing and 
linear, as in 
 

  
ui ain( ) = ainx1 + x2  (14) 

or linear normalized non-proportionally, as in 

 

 

ui ain( ) =
ain − min

n→n∈A
ain( )

max
n→n∈A

ain( )− min
n→n∈A

ain( )  (15) 

or non-linear, commonly represented by a quadratic 
function, 

 
  
ui ain( ) = x1 ain( )2

+ x2 ain( ) + x3  (16) 

or by an exponential function 
 

  
ui ain( ) = x1.e

x2 .ain  (17) 

in which x1, x2, and x3 are sensibility parameters adjusted 
by the decision-maker, 

 
ui ain( ) is the value of the 

criterion i for alternative n, ( )inn n A
min a
→ ∈

is the worst 

acceptable variable and ( )inn n A
max a
→ ∈

 is the best possible 

variable of criterion, i, among the alternatives, n.  
 
The parameters of equation (15) can be obtained in 
different forms in the multiobjective and the multi-
criteria decision support process's optimizations. In the 
multiobjective optimization, the objective-functions must 
be able to be differentiated, while in the multi-criteria 
process, the objective-functions contain whole solutions. 
 
In the multi-criteria decision support process's 
optimization, the criteria in which the best is obtained 
upon maximizing the performance, therefore, for 
increasing 

  
ui i( )  

 

   

max
ain

ui (ain )

s.t. ain ∈ + , an ∈A = a1,a2 ,…,an{ }
 (18) 

there is, 

 

  

*aip = max
n→n∈A

ain( )→ aip > ain ∀ n∈A∧ p ≠ n

* aip = min
n→n∈A

ain( )→ aip < ain ∀ n∈A∧ p ≠ n

⎧
⎨
⎪

⎩⎪
 (19) 

Criterion 2
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Indifference Curve

Final 
Solution Pareto Frontier

Feasible 
solutions space

S



while for criteria in which the best is obtained upon 
minimizing the performance, therefore, for decreasing

  
ui i( ) , 

 

   

min ui (ain )

s.t. ain ∈ + , an ∈A = a1,a2 ,…,an{ }  (20) 

 there is, 

 
( )
( )

*

*

ip in ip inn n A

ip in ip inn n A

a max a a a n A p n

a min a a a n A p n
→ ∈

→ ∈

⎧ = → < ∀ ∈ ∧ ≠⎪
⎨

= → > ∀ ∈ ∧ ≠⎪⎩
 (21) 

 
The parameters of equations (14), (16), and (17) are 
determined by at least one interpellation in which the 
decision-maker must numerically express a value 
between the best possible performance of a criteria, i, 
among n alternatives, * ina , and the worst acceptable 
performance, * ina . In this manner, a system (22) is made 
up of three equations with three unknowns to determine 
the parameters of the function. 

 

  

ui
*ain( )→ x1 + x2.ex3.*ain = 1

ui * ain( )→ x1 + x2.ex3.* ain = 0

ui ain( )→ x1 + x2.ex3.ain = θ θ∈ 0,1⎤⎦ ⎡⎣
 

⎧

⎨

⎪
⎪

⎩

⎪
⎪

 (22) 

 
Thus, the non-linear functions (9) and (10) demand that 
the decision-maker express a numerical value, 

  
ui ain( ) = θ , θ ∈ 0,1⎤⎦ ⎡⎣ , between the best possible, 

  
ui

*ain( ) = 1 , and the worst acceptable, 
  
ui * ain( ) = 0 . By 

contrast, the same does not occur for the linear function 
(7) which is parameterized with the interpellation with a 
decision-maker for the resolution of the system in (23) 

 

  

ui
*ain( )→ *ainx1 + x2 = 1

ui * ain( )→ * ainx1 + x2 = 0

⎧
⎨
⎪

⎩⎪
 (23) 

 
As for the linear function (15), there is no need to inquiry 
the decision-maker, since it is parameterized by the 
performances of its criteria, that is, there is a premise of 
maximization of the portfolio in which there is no 
alternative with a performance of better than those which 
make up the space S . 
 
    1)  Parameterization and behavior of functions 
 
One value function has a supposed averse behavior when 
it expresses the concern in moving away from the worst 
performance of the criteria, considering that the closer 
the approximation to the best performance, the less the 
gain in value, which is proven by the Decreasing 
Marginal Utility2. Given the behavior of a criteria, i, with 
a cardinal scale,  u i( ) , for 

 
ui ain( )  and with a discrete 

ordinal scale,  µ i( ) , comprised of { }10,20,30,40,50ia =

                                                             
2 The decreasing marginal utility principle affirms that, as one good is 
more consumed, each additional quantity consumed will provide 
additions that are increasing less in utility. 

, in which * 50ia =  e * 10ia = , it can be observed in 
Figure 2 that for any given absolute variation of 

20iaΔ = , in the ‘Averse’ curve, the decision-maker is 
affected more by the loss of criterion performance (from 
30 to 10) 
  Δvi an( )→ vi 30( )− vi 10( ) = 0,73  

than by the gain in performance 
  


Δvi an( )→ vi 50( )− vi 30( ) = 0,27  

For the same ordinal scale variation ia .  

 
Fig. 4. Behavior of value functions 
 
Analogously, it can be affirmed that the decision-maker 
is willing concerning the behavior of criterion, i, as he is 
more affected by the gain than by the loss of 
performance, that is, when an interest in approximation to 
the best performance of the criterion is expressed. The 
question of how to choose or formulate a utility function 
or value is approached broadly by Keeney and Raiffa [5].  
 
The neutral behavior is modeled according to equation 
(15) proposed herein, whereas the averse and willing 
behaviors are modeled by 

 
  
ui ain( ) = e

α
ain− min

n→n∈A
ain( )

max
n→n∈A

ain( )− min
n→n∈A

ain( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
−1

eα −1
 (24) 

 
In whichα  is determined by the semantic judgment 
matrix of behavior proposed (Table 1) by the research 
team, or according to the numerical expression of the 
decision-maker, so long as   α ∈ −

*  for the averse and 

  α ∈ +
*  for the willing. 

TABLE 1 
SEMANTIC JUDGMENT MATRIX OF PROPOSED BEHAVIOR 

Behavior Very 
Averse Averse Willing Very 

Willing 
α  -4 -2 2 4 

 
Through this value function it is possible to obtain the 
coefficient of aversion, γ in

A , or of propensity, γ in
P , of the 

criterion in coming close to the worst performance or the 
best performance of the criterion, this coefficient 
obtained by 

 γ in = −
ui′′ ain( )
ui′ ain( )

 (25) 
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in which '
iv  and "

iv  are derived from the first and second 
order of the utility function of the criterion i.  
 
    2)  Proposal 
 
The utility of the generating unit of hydroelectric plant is 
determined by Bayesian model (Figure 1), where the 
reliability is obtained, Rφ t( ) . By the Bayesian network 
are simulated time intervals, sufficiently, small in aim to 
ignore the money value in time. Thus, there are two costs 
involved: Ca, cost after failure and, Cb, cost before 
failure. So, considering the time t p ⇒ an( )  as an 
alternative preventive maintenance, the alternative cost is  

 C = c tp( ) = Ca 1− Rφ t p( )( ) +CbRφ t p( )
t pRφ t p( ) + tf t( )

0

t p

∫
  (26) 

Where: 
f t( )à is the probability density function considered (5) 

 
Thus, the utility of the generating unit is  
 u1 an( ) = u Rφ t p( ),C tp( )( )   (27) 

 
The criteria commonly emphasized by substation 
designers are reliability, cost, operational flexibility and 
environment impact. Thus, the utility of the electric 
power substation is determined by multi-criteria model 
(Figure 2) with application of equations (9) and (24), 

 u2 an( ) = wiui ain( )
i=1
∑   (28) 

 
Therefore, the utility of the maintenance alternative is 
determined 
 U an( ) = K1u1 an( ) + K2u2 an( )   (29) 

Where, K1 and K2 are trade-offs. 
 
4. Conclusions 
 
The implementation of the multiattribute utility function 
has the advantages of making the explicit assessment of 
the alternatives possible by means of functions and by 
being mathematically robust. However, the disadvantages 
include the strictness of the psychological suppositions 
involved in the attribution of trade-offs and the lack of 
efficient procedures to analyze the sensibility of the 
achieved solutions. The analysis of the behavior of the 
functions as well as of their coefficients of aversion and 
propensity supports equations (15) and (24) as applicable 
within the problem under study. But, the equation (17) is 
the better for the problem under study. Nonetheless, it is 
necessary to verify the behavior of the overall value for 
the proper application of these equations. For this, one 
should analyze the attributions of importance within each 
criteria and the determination of the “inferior” and “non-
inferior” alternative during the process. 
 
Then, is possible to use the multiattribute utility theory 
(qualitatively and quantitatively) in maintenance 

management to measure the utility of the electric power 
substation and the impact for reliability of the generating 
unit, which is obtained by Bayesian methods. 
 
The proposed methodology will promote improvements 
in maintenance management, in internal process and in 
service quality. Also, can minimize uncertainty in a 
decision-making process, allowing adjustments to the 
maintenance program, and increasing reliability. 
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