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Abstract. The current tendency towards a new generation of 

intelligent electrical networks requires a higher functionality of 

state estimators. The goal of this paper is the development of a 

methodology that implements a dynamic state estimation 

process for electrical networks. In order to achieve the proposed 

objective, two paradigms are combined: the development of a 

distributed estimation process at reasonable computation cost, 

and the hierarchical estimation in a multi-level architecture. 

This structure allows a global coordination of the estimations 

obtained in the different areas into which the network is 

divided. The results obtained by applying the proposed 

methodology on a real network are presented in this paper. 
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1. Dynamic State Estimation 
 

The purpose of a state estimator (SE) is obtaining the 

operational state of an electric network starting from the 

whole information available in the control center. The 

estimated state is, statistically speaking, the optimum that 

can be obtained from both the incoming information and 

network models. The reliability of the rest of applications 

that in a control center use the estimated state in real time 

depend on the quality of SE results [1,2]. 

 

 
 

Figure 1. Static state estimation process. 

 

Static SEs benefit from the redundancy of the 

information available at the SCADA at a given time t
<k>

 

to filter the measurements z
<k>

 and obtain a state x
<k>

 of 

higher statistic quality (fig. 1). This kind of SE does not 

use the estimated states of previous instants as input 

information. 

 

Additionally, dynamic SEs use as input information a 

prediction 
><kx

r
 of the system state (fig. 2), performed in 

the previous instant 
>−< 1kt . This information is 

introduced as pseudo-measurements in the estimation 

process, increasing the filtering capacity of the estimator 

[1,3,4]. 

 

 
 

Figure 2. Dynamic state estimation process. 

 

Since the first proposals in the 70s to apply the SE 

concept to electric energy systems, dynamic SEs have 

been shown to have better features than static SEs. Their 

advantages are basically: the improvement of the statistic 

quality of the results, the observability, the error 

detection, and the possibility to provide a prediction of 

the future state of the network, benefiting preventive and 

security assessment of control centers. Moreover, 

dynamic SEs allow the development of functions 

normally relying on off-line estimators, like parameter 

estimation and tuning of measurement weights. 

 

However, the high computational cost inherent to 

dynamic SEs has traditionally benefited static SEs 

against their counterparts. The computational burden of 

dynamic SE is higher due, on one hand, to the need to 

calculate the statistic information linked to covariance 

matrices of estimated and predicted states. On the other 

hand, the size of the problem increases due to the 

additional input information. 

 

To overcome these shortcomings it is possible to split the 

network into different areas and develop a distributed 

processing using local SEs associated to each area. By 

means of a hierarchical or multi-level structure with 

information exchange between local SEs, it is possible to 

perform a system-wide coordinated estimation process, 

obtaining a global estimated state of the electric system at 

a reduced computational cost [5, 6]. 

Unfortunately, multi-area architectures can introduce 

some collateral effects: 1) Some of the potentially 

available measurements are not used in the SE; 2) the 

multi-level coordination is not performed in all the areas; 

3) new state variables associated to differences between 



phase references of different areas appear. These 

drawbacks will be tackled further on in this paper. 

 

Next the filtering and prediction steps, shown in fig. 2, 

are described in detail. 

 

A. Filtering step 

 

The process of dynamic state estimation relies on the 

application of extended-Kalman filter-based algorithms. 

In [1] it is demonstrated that this technique can be 

applied through a conventional SE with additional 

predictions performed in previous instants. Therefore, an 

augmented measurement vector 
><kz can be defined as 
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where 
><kx

r
 is the one-step ahead forecast. 

 

In this way the measurement model is the same than for 

conventional SEs, characterized by the following 

equations: 
><><><>< += kkkk exhz )(   (2) 

 

where h
<k>

(x
<k>

) is the vector relating error-free 

measurements to the state variables (usually nonlinear 

functions) and 
><ke  is the augmented vector of errors: 
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where 
><ke is the vector of measurement errors,  

assumed to have a Normal distribution with zero means 

and known covariance matrix zR , and 

><><>< −= kkk xx
r

ε is the prediction error with 

covariance matrix ><kx
Rr . 

 

The weighted least square (WLS) SE tries to find a 

system state, represented by 
><kx̂ , that minimizes the 

weighted squares of measurement residuals given by 
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where 
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i xhzr  is the i-th measurement 

residual, and wi the respective weighting coefficient. 

 

The estimate 
><kx̂ can be obtained by iteratively solving 

the Normal equations: 
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where 

><><>< ∂∂= kkk xhH / is the Jacobian of h
<k>

, 

( ) ><><>< = kTkk WHHG is the gain matrix, and 

== −1

zRW ( )iwdiag  is the weighting matrix. 

 

Iterations are terminated when all components of 
><∆ kx  are within a specified tolerance. The covariance 

of the estimate is 
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which is the basis for the computation of the covariance 

matrix of the estimate of the measurement vector 
><kẑ : 
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It is important to highlight that in the measurement vector 
><kz at instant t

<k>
 the pseudo-measurements obtained 

from predictions performed in the previous instant t
<k-1>

 

are included, as seen in fig. 2. 

 

B. Prediction step 

 

The one-step ahead forecast, 
>+< 1kx

r
in fig. 2, is obtained 

by using information on the system behavior up time t
k
, 

and is given by 

 
><><><><>+< ++= kkkkk gxFx ξ1r
 (8) 

 

where matrix F
<k>

 represents the speed between 

transitions; g
<k>

 is associated with the trend behaviour of 

the state trajectory; and
><kξ represents modeling 

uncertainties, corresponding to a white Gaussian noise 

with zero mean and covariance matrix Q
<k>

. 

 

Starting from the estimated state at instant t
k
, the one-step 

ahead forecast can be calculated by 

 
><><><>+< += kkkk gxFx ˆ1r
  (9) 

 

where its error covariance matrix >+< 1kx
Rr is given by 

 

( ) ><><>< += ><>+<

kTk

x

k

x
QFRFR kk ˆ1r        (10) 

 

The estimation of F
<k>

, g
<k>

 and Q
<k>

 will depend on the 

forecasting technique adopted. 

 

2. Hierarchical architecture 
 

As previously mentioned, the division into areas is a 

customary procedure to tackle large networks. The 

division can be performed under different criteria: 

voltage level, following the internal division of the 

utility, infrastructure of communication and control 

centers, etc. Figure 3 is an example of decomposition into 

3 areas, where each area is divided into an internal zone 



and a border zone (including in general border buses, tie-

lines and border transformers) common to another area 

(overlapping decomposition) [7].  

 

 
 

Figure 3. Overlapping areas. 

 

In a hierarchical architecture, all the system 

measurements must be assigned to the different areas in 

which the network is divided into, as seen in figure 4, 

where the measurements z
<k>

 are split into l sets 
><>< k

Al

k

A zz K1 corresponding to the l areas which form the 

system. The way measurements at the border zones are 

assigned depends on the division criterion implemented 

[7]. According to fig. 4, after a filtering step on an area 

basis, l sets of estimated states 
><>< k

Al

k

A xx ~~
1 K are 

obtained. Then, a coordination step is required due to the 

redundancy of border buses in different sets of estimated 

states. As the phase reference can be different in each 

estimation procedure, it is not possible to use directly on 

the coordination step the magnitude values of the phases 

obtained in the area estimation. An option is to use 

auxiliary variables 
><ku which allow to evaluate the 

difference among various phase references [7]. This 

method requires to extend the state vector to consider the 

new auxiliary variables. The outcome of the coordination 

step is the global estimated state 
><kx̂ , where phase 

angles have the same reference. 

 

 

3.  Proposed methodology 

 
In this work a dynamic hierarchical state estimator is 

proposed. An overlapping decomposition is applied, 

where all the border injection measurements can be used 

in any of the areas. On the other hand, the voltage 

measurements of border buses and the power flows 

through border transformers are used within two 

neighbouring areas with weights properly scaled. 

 

Regarding the filtering step, it is carried out 

independently within each area, as previously shown in 

Fig. 4 (parallel algorithm).  

 

The coordination step uses as input information the 

estimated state vector 
><k

Aix~ corresponding to the l areas, 

as well as the phase reference l-length vector 
><ku . 

Moreover the covariance matrix of estimated state 
><k

xAi
R~ is used to calculate the weights. This way the 

measurement model of the coordination step is composed 

of a linear system: 
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where [ ]Tk

Al

k

A

k xxx ><><>< = ~~~
1 L , matrix A is formed 

of 0, 1, and -1, and )~( ><kxe  is the error term associated  

to the estimated state in each area, being the covariance 

matrix 
 

 

 

 
 

Fig. 4. Hierarchical architecture. 
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The solution of the linear WLS problem (11) provides the 

estimated state 
><kx̂ , where all the phases are referred to 

a global reference. 

 

Regarding the state forecasting, the Tracking State 

Estimator is used, being the system dynamic modeled to 

perform the predictions through the noise added to the 

transition model [1]. These estimators work properly in 

quasi-static conditions. This way, matrix F
<k>

 is the 

identity matrix and g
<k>

 is the zero vector. 

 

Finally, the elements of noise covariance matrix Q
<k>

 are 

obtained off-line, considering the maximum rate of 

change each state variable presents, which can be derived 

from historical data of the system state behaviour, 

considering different normal operating conditions. 

Assuming that the highest deviation observed in each 

state variable is the expanded uncertainty for a 

confidence level of 95 %, the standard deviation will be 

the expanded uncertainty divided by 2 (normal 

distribution) [8]. 

 

4. Results 

 
The simulated network corresponds to a real grid 

integrated by 15-to-400 kV voltage levels. The overall 

data are 85 buses, 60 lines and 38 transformers. 

 

The system is divided into two overlapping areas (areas 1 

and 2) according to their voltage level. They have in 

common the transformers that link both areas, as well as 

border buses (there are not tie lines). Table 1 shows the 

number of state variables in each area. 

 
Table 1. Number of state variables 

 

Magnitude Global Area 1 Area 2 

Voltage amplitude 85 18 78 

Voltage phase 85 18 78 

Tap-changer transf. 36 9 34 

 

Area 1 includes voltages levels 400-132-45 kV, with 18 

buses, 11 lines and 10 transformers. Area 2 comprises 

voltage levels 132-45-15 kV, with 78 buses, 49 lines and 

36 transformers. The border between both areas includes 

11 border buses with 8 132/45 kV transformers. 

 

The estimations were performed each hour during a 

period of 24 hours. 

 

In order to compute the elements of noise covariance 

matrix Q, the rate of change of each state variable is 

evaluated. Table 2 shows the maximum rate of change 

obtained in each type of state variable and the mean of 

the standard deviation assigned. 

 
Table 2. Maximum rate of change and mean standard deviation 

of state variables (pu) 

 

Magnitude Max. rate Stand. Dev. 

Voltage amplitude 0.0768 0.0124 

Voltage phase 0.1081 0.0158 

Tap-changer transf. 0.0516 0.0091 

 

The measurement set is formed by 154 voltages, 129 

active power flows, 129 reactive power flows, 58 active 

power injections, 54 reactive power injections and 36 tap 

changer positions. 

 

In order to show the improvements brought about by the 

proposed state estimator procedure over conventional 

state estimation, different tests have been carried out. 

Two kinds of results are presented next: the improvement 

of measurement standard deviation and the improvement 

in the estimator quality index. 

 

A. Results obtained with real measurements 

 

When using in-field measurements, the exact estimated 

state is not known. To assess the quality of the output 

state obtained with the proposed methodology, different 

standard deviations are compared. 

 

The mean standard deviation of raw measurements is 

0.01917 pu. If a global static estimator is applied the 

estimated measurement standard deviation reduces to 

0.00695 pu.  

 

If the multi-level dynamic state estimator is applied with 

the proposed methodology the mean standard deviation 

decreases even more down to 0.00599, being a 13.8 % 

lower than with static estimator. 

 

B. Results with real states 

 

The comparison of quality indexes is a customary way to 

check the accuracy of different state estimators. The 

quality index is defined as 

 

( )∑
=

−=
n

i

exact

ii xxI
1

2
ˆ   (13) 

 

where n is the number of states, and ix̂  and 
exact

ix the 

values of the i-th estimated and exact states respectively. 

We have taken as exact state the estimated state obtained 

from the conventional static state estimator. 

 

With the aim of obtaining statistically valid results, one 

hundred different simulations were performed for a 

period of 24 hours, generating in each simulation a 

different random error component for each measurement. 

Each simulation has been performed adding a random 

noise according to measurement quality. 

 



Taking into account all the simulations, the quality index 

of the static estimator has a mean value 0.0139, while for 

multi-level dynamic estimator is 0.0105, being an 

improvement of 24 %.  

 

Table 3 shows the results of quality index disaggregated 

by type of state variable. An interesting outcome is that 

the quality index improvement is basically due to voltage 

magnitudes (26 %) and transformer tap-changers (38 %), 

being the behaviour of voltage phases similar in both 

estimators. 

 
Table 3. Quality index for each type of state variable (pu) 

 

Magnitude Static SE Dynamic SE 

Voltage amplitude 0.0068 0.0050 

Voltage phase 0.0031 0.0029 

Tap-changer transf. 0.0040 0.0025 

 

 

5. Conclusions 
 

This work proposes a dynamic state estimator where a 

multi-level methodology has been implemented to reduce 

computational costs. 

 

The proposed methodology has been applied in the 

different scenarios through a day in a real network. The 

grid has been divided into two areas according to the 

voltage level. The results obtained from the multi-level 

dynamic estimator improves those obtained from the 

static estimator. 

 

The results show that using the proposed methodology in 

scenarios with real measures the average standard 

deviation of the estimated measurements improved by 

14%. On the other hand if using measurements generated 

from real network conditions estimated state accuracy 

improves by 24%. This improvement impacts both 

estimated state quality and other applications that use 

these results. 

 

The obtained results allow to tackle the methodology to 

larger networks with higher number of areas. 
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