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Abstract. Two basic contactless induction melting 
techniques are modelled. The first one is based on using a cold 
crucible while the second one consists in melting in levitation. 
Both of them are suitable for heat treatment of strongly reactive 
metals. From the physical viewpoint, both processes are 
characterized by a strong interaction of magnetic, temperature 
and flow fields. The paper presents their continuous 
mathematical models whose parts are solved by a fully adaptive 
higher-order finite element method. The methodology is 
illustrated by two examples whose results are discussed.  
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1. Introduction 
 
Contactless heating and melting is used particularly in 
the case of strongly reactive alloys (for example, titanium 
aluminides or some vanadium and nickel alloys) or 
materials with high temperature of melting (molybdenum 
or tungsten alloys) used in chemistry, space research, 
medicine etc. Its purpose is to prevent the processed 
materials from contacting with refractory and, therefore, 
their contamination. The process is realized either in 
vacuum or in a suitable inert atmosphere (nitrogen, 
argon) contributing to the high purity of the resultant 
material. There exist two principal ways of contactless 
melting: semi-levitation melting in the cold crucible 
furnace [1–2] and full levitation melting [3–4] in a 
system of inductors. 
 
The basic scheme of the cold crucible is shown in Fig. 1 
where the metal is supposed to be already molten. The 
field winding 1 carries harmonic current of density J  
that generates harmonic or periodical magnetic field B  
(long full lines with arrows). Its time variations induce in 
melt eddy currents of density eddyJ  that are shifted in 

phase by almost 180° with respect to the field current 
density J . The interaction of these currents with the 
primary magnetic field produces specific Lorentz forces 
f  acting in melt 3 (denoted by dotted arrows), which 

results in their movement in the direction of the dashed 

arrows. The field winding 1 as well as the copper 
crucible 2 consisting of several mutually insulated 
segments (so that no significant eddy currents are 
induced in its segmented walls) are cooled with water 
delivered from water tank 6 that is separated from the 
crucible by a thermal insulation 5. Due to cold walls of 
the crucible a thin layer of melt resolidifies, thus forming 
the skull 4 that prevents remaining melt from contacting 
the walls of the crucible and eventual contamining. 
Moreover, once the metal is molten, the charge starts to 
be partially levitated by the effect of the Lorentz forces. 
The touch with the crucible is now realized only through 
the solid skull, which minimizes the thermal losses of 
melt and accelerates the process of eventual further 
heating. 

 

Fig. 1. Melting in cold crucible: 1–field coil,                  
2–copper crucible, 3–melt, 4–solid skull,                        

5–thermal insulation, 6–water tank 
 
The levitation technique is also based on the thermal and 
force effects of the electromagnetic field. A system of 
suitably arranged field coils (the simplest possible 
example for the explanation of the principle with one 
field coil is depicted in Fig. 2) carrying harmonic currents 
produces a time-variable magnetic field that penetrates 
through the electrically conductive levitated body and 
produces eddy currents in it. These eddy currents both 



heat up the body by the corresponding Joule losses and 
repel it from the field coils by the Lorentz forces. When 
the system of coils and field currents is set appropriately, 
the heated body starts levitating practically from the very 
beginning of the process. 

 

Fig. 2. Simplest arrangement of induction melting with 
one inductor: 1–charge, 2–inductor, 3–ceramic stand 

 
The complete process of heating and melting may 
generally be divided into four periods. In the first period 
the solid body is lifted from the starting (S) to final (F) 
stabilized position (Fig. 2a, b). The time evolution of this 
part of the process depends on the arrangement of 
inductors, value of the field currents and starting position 
of the body. When the parameters are suggested 
inappropriately, the transfer of the body may be 
accompanied by long-term slowly damped oscillations, 
which is absolutely undesirable (unstable behavior of the 
system, losses of energy, longer time of heating due to 
more intensive cooling due to movement etc.). The level 
of stability of the body is generally not high and several 
different measures can be taken for its improvement. The 
next step is heating of the body to its melting point (Fig. 
2b). During this time period the physical properties of the 
material change with growing temperature, which may 
lead to variations of magnetic field and stable position of 
the body. This step is the most important from the 
viewpoint of the length and total efficiency of the 
process. The third step is melting of the body (Fig. 2c). 
Its model is very complicated (mainly from the viewpoint 
of its changing geometry) because the internal part of the 
body is still solid (as indicated by the dotted line) while 
the surface layers (characterized by the highest values of 
the Joule losses) are already liquid. The process is also 
more or less affected by various stochastic phenomena. 
And finally, in the fourth period (Fig. 2d) the complete 
body is molten and the melt may further be heated, 
stirred to obtain a uniform solution or poured into a 
mould. 

2. Mathematical model 
 

Although the paper does not deal with the solution of the 
complete process, we will present its complete model in 
obtain the comprehensive idea about its complexity.  

The mathematical model of the contactless heating (and 
subsequent melting) consists of (pending on the stage of 

the process) two or three second-order nonstationary and 
often nonlinear partial differential equations describing 
the time evolutions of magnetic, temperature and (when 
the metal is already molten) flow fields. Their 
coefficients given by the material and media parameters 
are generally temperature-dependent functions. 

Magnetic field in the system may conveniently be 
described by the magnetic vector potential A  using 
equation [5] 
 

extcurl curl + =
t

 

A

A J ,                  (1) 

 
where   is the permeability,   denotes the electrical 

conductivity at a given place (which is a function of 
temperature T ) and extJ  the density of the field 
currents.  
 
Unfortunately, the solution of (1) is, in a general 
nonlinear case, practically unfeasible. The reason consists 
in the deep disproportion between the frequency f  

(usually hundreds or thousands Hz) of the field current 

extI  and time of heating Ht  (several minutes). That is 

why the model was somewhat simplified using the 
assumption that the magnetic field in the system is 
harmonic. Now it can be described by the Helmholtz 
equation for the phasor A  of the magnetic vector 

potential A  [6] 
 

  extcurl curl j    A A J .                 (2) 

 
Here,   denotes the angular frequency ( 2 f  ). But 

the magnetic permeability of ferromagnetic parts is not 
supposed to be a constant; its value is always assigned to 
the local value of magnetic flux density B . Its 
computation is, in such a case, based on an appropriate 
iterative procedure. 
 
Eddy current densities in the heated body, corresponding 
to specific average Joule losses Jp  and volumetric 

Lorentz forces Lf  acting in them are then given by 

formulas 
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L eddy eddy curl f = J B = J A.                   (3) 

 
( Lf  cannot be calculated using the phasor symbolics). 

The general equation describing the nonstationary 
distribution of temperature in melt reads [7] 
 

  p Jdiv grad grad
T

T c T p
t

         
v ,        (4) 

 
where   denotes the thermal conductivity,   the 



specific mass of the heated material, pc  its specific heat 

at a constant pressure, Jp  the specific Joule losses given 

by (3) and v  is the local velocity of the or particles of 
melt. In the steady state, the temperature may be 
supposed to be no longer a function of time, so that 
 

  Jdiv grad gradT c T p    v                (5)                                             

Investigation of the flow phenomena is even more 
complicated and selection of the most effective numerical 
schemes depends on several decisive parameters (such as 
the Reynolds number). The motion of melt (that is 
considered incompressible) is described by the Navier-
Stokes equation in the form [8] 
 

 grad grad Δp
t

             
v

v v g v f     (6) 

      
supplemented with the equation of continuity 
 

div 0.v                                  (7)  

 
Here v  denotes the velocity (that is a function of 
position and time, p  stands for the pressure, η  is the 

dynamic viscosity and f  represents the internal volume 

Lorentz force given by (3). When considering the Euler 
boundary conditions, velocity of particles of the melt 
along its boundary is equal to zero. In case of the steady 
state the time derivative on the left-hand side vanishes, so 
that we have  
 

 grad grad Δp         v v g v f .        (8) 

    
The boundary of melt is characterized by a negligible 
velocity along it. In such a case, its shape follows from 
the balance of magnetic force, gravitational force and 
surface tension [9]  
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where   denotes the surface tension of melt, B  is the 

module of magnetic flux density, h  the local height of 
the column of melt and symbol R  represents the radius 
of the curvature. As for the constant on the right-hand 
side, its value follows from the total volume of melt. 
 
In this paper, we will just focus on the first part of the 
model aimed at the computation of the magnetic and 
temperature fields (and, in case of the levitation heating, 
also on the final shape of the molten metal). 
 
3. Numerical solution 

 
The principal computations are carried out in the 2D 
axisymmetric arrangement. Nevertheless, as the crucible 
consists of copper segments separated from one another 
by a ceramic material, it is necessary to find an 
equivalent value of its electric and thermal conductivities, 

which depends on the contents of copper and ceramic. 
This was performed using 3D computations. 
 
While the 3D computations were realized by the code 
COMSOL Multiphysics, the 2D solution of the 
distribution of physical fields was carried out by 
QuickField (stable position of the levitated body) and 
mainly by a fully adaptive higher-order finite element 
method [10] (time evolution of the process), whose 
algorithms are implemented in the application Agros2D 
[11] and library Hermes [12].  Both these parts written in 
C++ are intended for numerical solution of systems of 
generally nonlinear and nonstationary second-order 
partial differential equations and their principal purpose 
is to model complex physical problems. They are freely 
distributable under the GNU General Public License. 
 

Mentioned should be some of the unique features of the 
above codes such as: 
 
 Solution of a system of PDEs may be solved in both 

weakly coupled and hard-coupled formulations. In 
the latter case the resultant numerical scheme is 
characterized by just one stiffness matrix. 

 There are three kinds of the adaptive algorithms 
implemented in the code. Except for more common 
h -adaptivity and p -adaptivity, also the most 
sophisticated hp -adaptivity may be used. 

 Each of the mapped physical fields can be solved on 
a quite different mesh. For example, the temperature 
field is often highly smooth, so that it is not 
necessary to solve it on an unnecessarily dense mesh 
(such as in case of the magnetic fields). As far as the 
task is nonstationary, the meshes in a particular time 
step evolve according to the results obtained in the 
previous step. 

 The codes can work with the hanging nodes of any 
level, which leads to a substantial reduction of the 
degrees of freedom (DOFs).  

 Besides classical triangles, the codes are able to mix 
even quadrilateral and curved elements. The curved 
elements are very advantageous for modeling 
curvilinear boundaries and interfaces. 

 

The algorithm of computations itself is relatively 
complicated and consists of several steps. The most 
important of them follow: 

 In case of the levitation melting, finding the static 
characteristic of the system (for the given amplitude 
and frequency of field current) and final stable 
position F (see Fig. 2) of the body. 

 Mapping of the process of induction heating of the 
charge up to the melting temperature. 

 Determination of the shape of the melt surface based 
on a special iteration process. 

A considerable attention is paid to evaluation of various 
mathematical aspects of the problem: 
 

 Finding the closest possible artificial boundary that 
provides the required accuracy. 

 Geometrical convergence of results as a function of 
density of the discretization mesh). 



 Numerical stability of various time-dependent 
phenomena. 

 
The computations with about 200,000 degrees of freedom 
are rather long and take several hours. 
 
4. Illustrative examples 

 
The examples show the process of heating (and in one 
case also melting) of aluminium both in the cold crucible 
and in levitation. Dependences of its parameters on 
temperature are depicted in Figs. 3–5 [13]. Its 
temperature of melting is 659 °C and the surface tension 

1.007  Nm–1.  
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Fig. 3. Electric conductivity   versus temperature (Al) 
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Fig. 4. Thermal conductivity   versus temperature (Al) 
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Fig. 5. Heat capacity pc  versus temperature (Al) 

Example 1: Heating in the cold crucible 
 
The crucible is arranged according to Fig. 6. Its shell 
consists of 16 uniformly distributed and mutually (by 
ceramics) separated hollow copper segments. 

 

Fig. 6. Scheme of crucible (dimension in mm):              
1–ceramics, 2–copper, 3–water, 4–aluminum 

 
The arrangement contains no ferromagnetic parts (so that 
everywhere r 1  ). The frequency of the field current is 

10 kHz, the amplitude (after some preliminary 
computations) was selected 2000 A. The coefficient of 
convection 15  W/m2K, external temperature of the 
ambient air ext 30T  °C.  

 
The parameters of particular parts of the system were 
taken constant as follows: ceramic material 1 – 0   

MS/m, 0.02  W/mK, p 2c  MJ/m3K, copper 2 – 

0.01  MS/m, 350  W/mK, p 3c  MJ/m3K, water 

3 – 0  MS/m, 0.6  W/mK, p 4.18c   MJ/m3K. 

 
The boundary conditions for nonstationary temperature 
field are prescribed as follows: up to 300 °C of the heated 
aluminum the boundary ABCDA is characterized only by 
convection. After exceeding 300 °C, the internal 
boundary EFGHE (so that also the surface of aluminum) 
is supposed to remain on 300 °C, which is kept by an 
appropriate velocity of cooling water in the interior of the 
crucible. 
 
The discretization mesh for magnetic field contains about 
80,000 elements, for temperature field about 20,000 
elements. The time of computations of one example is 
about 25 minutes. 



The results abound. For example, Fig. 6 contains the 
distribution of magnetic flux density in the system. It is 
obvious that the highest magnetic flux density in 
aluminum (and, consequently specific Joule losses) copy 
the wall of the crucible. 

 

Fig. 6. Distribution of magnetic flux density in system 
 

Figure 7 shows the distribution of temperature in the 
steady state. It can be seen that a pretty strong layer near 
the internal walls and bottom of the crucible is still 
formed by solid Al. The molten metal is just in the 
internal part of the crucible, at a relatively long distance 
(about 25 mm) from the internal wall. The Lorentz forces 
in the molten metal are, therefore, very low and 
practically are not able to produce neither any curved 
level of the molten aluminum nor the motion of its 
particles.   
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Fig. 7. Steady-state temperature profile in semi-molten 
aluminum (it is reached after about 30 s of heating) 

 
A better idea about the temperature in the charge 
provides Fig. 8 that shows its distribution in the depth of 
200 mm below the level of the aluminum. It is obvious 
that the interface between the molten and solid metal 
(659 °C) is approximately 220 mm from the internal wall 
of the crucible. This temperature profile was found, 
however, for one simplifying assumption: the interface 
between the solid and molten states is sharp (in fact, it 
has a stochastic character and is blurry). 

 

Fig. 8. Distribution of steady-state temperature in 
aluminum, 200 mm below its surface 

 

Example 2: Heating in levitation 
 
A simple device for levitation induction heating consists 
of one conical coil with two layers (see Fig. 9). 

  

 

Fig. 9. One-coil system for levitation induction melting 
(with boundary ABCD for modeling magnetic field) 

 
The most important input data are as follows: 

 The most important geometrical dimensions: 

1 0.055r  m, 1 0.178l  m, number of turns of the 

coil 1 36N  , 1 0.011s  m, 2 0.01s  m.  

 Field current: 7
1 2.5 10J    A/m2, 1f   kHz. 

 Field coil: made from a hollow copper (Cu 99) 
conductor (internal radius 1 = 2R mm, external 

radius 2 = 4R mm), intensively cooled by water. 

Electrical conductivity of copper 75.7 10   S/m, 

relative permeability r 1  . 

 The heated body is an aluminum sphere of 
0.04455R  m, mass 1m  kg and volume 
0.00037037V  m3. The temperature of ambient 



medium ext 20T  °C, max melt 659T T   C, 

20  W/m2K. Radiation was neglected at this stage 
of research. 

 Angle   is variable. 

 
The computations showed that reaching of the final 
position takes several tenth of a second. Its full melting, 
on the other hand, takes from 18–30 s and this time 
depends on the angle  . Figure 10 depicts the 

distribution of magnetic field and shape of the body just 
before melting and Fig. 11 after it. 

 

 

Fig. 10. Distribution of magnetic field in system before 
melting 

 

Fig. 11. Shape of charge and distribution of magnetic 
field in system after melting 

 
5. Conclusion 
 
The paper presents the complete mathematical models of 
processes of melting aluminium in the cold crucible and 
in levitation. Due to their complexity and 3D structure, 
however, both models are solved under several 
simplifying assumptions and without the influence of 
flow of the molten metal. But what is more important 
prior to modelling, is to optimize both the arrangement 

and the parameters of the field currents in order to obtain 
more favourable parameters of heating (time of heating, 
overall efficiency of the process and a lot of other 
values).  
 
Another important step is experimental verification of the 
computed data, which is prepared by the Polish group of 
the authors. 
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