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Abstract. This paper presents the integration of the Voltage 

Source Converted-High Voltage Direct Current model| (VSC-
HVDC) into a conventional Optimal Power Flow (OPF) 
formulation. The assembled VSC-HVDC-OPF model is 

computationally implemented and solved by using the Matlab
®

 

optimization toolbox. In this sense, the development complexity 
degree of the proposed implementation is equivalent to that 
required by commercial optimization packages for solving 
optimization models. Therefore, this proposal hugely reduces 
the time to the implementation and for obtaining results of an 
OPF analysis of power systems with VSC-HVDC devices. In 
order to illustrate numerically the prowess of the proposed 
Matlab based implementation to solve the VSC-HVDC-OPF 
model, two numerical examples with the IEEE two-area 
benchmark power system and the 46-machine, 190-bus model 
of Mexican system are presented.  

 

Index terms 
 
VSC-HVDC, OPF, FACTS, Matlab, optimization, 
model.  
 

1. Introduction  
 
The need for more efficient power systems management 
and the fast development of power electronics based on 
new and powerful semiconductor devices, have given rise 
to innovative technologies, such as Voltage Source 
Converters (VSC)-based FACTS controllers [1]. Among 
the VSC-based controllers commissioned and installed in 
several transmission systems around the world, the VSC-

HVDC system, also called HVDC-Light or HVDC-

Plus, is a technology which has demonstrated to be 
successful in enhancing the power system’s 
controllability [2]. The VSC-HVDC’s ability to provide 
independent control of the converters AC voltage 
magnitudes and phase angles relative to the system 
voltage, allows the use of separate active and reactive 
power control loops for system regulation [3]. 
 
From the power system operation and control viewpoints, 
the incorporation of the VSC-HVDC model into an OPF 
formulation provides an opportunity to fully exploit the 
controller’s capabilities in optimization related 
applications. In order to solve OPF models and, at the 
same time, speeds up the research of optimization 

applications, researchers have put attention on 
commercial optimization software packages as AMPL [4] 
and GAMS [5]. By way of example, AMPL and GAMS 
has been employed to: solve an OPF model with 
complementary constraints [6], identify and analyze 
saddle node bifurcations and limit-induced bifurcations 
of power systems [7], solve a transient stability 
constrained OPF model [8] and more recently to solve a 
OPF model that considers voltage stability constraints in 
order to control voltage stability of power systems [9] 
and to find the optimal location of FACTS shunt series 
controllers for power system operation planning [10], 
among other applications. 
 
The Matlab Optimization Toolbox [11] was used in [12] 
to implement and solve a conventional OPF model. In 
this paper, such a proposal is adopted and extended to 
develop the implementation and solution of an OPF 
model integrated with VSC-HVDC model, here called 
VSC-HVDC-OPF model. In this sense, the complexity 
degree of the proposed implementation is equivalent to 
that required by commercial optimization packages for 
solving optimization models. Therefore, this proposal 
hugely reduces the time to the implementation and for 
obtaining results of an OPF analysis of power systems 
with VSC-HVDC device. 
 

2. Power system and VSC-HVDC modelling 

 
In order to assemble a full VSC-HVDC-OPF power 
system model, it is necessary to represent by means of a 
mathematical model the steady state operation of the 
power system components as well as the VSC-HVDC 
device. In this work these models are described in polar 
coordinates and in terms of active and reactive power 
flow injections, as given below. 
 
A.  Power system main components modelling 

 
The generators, loads, shunt compensation elements, 
transmission lines and transformers are considered the 
most common power system components. The steady 
state power flow models of the above mentioned 
components are given in detail in [13] and are adopted in 
this proposal. 
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B. VSC-HVDC modelling 

 
The VSC-HVDC system consists of two VSC converters 
with series-connected Insulated Gate Bipolar Transistor 
(IGBT) valves controlled with Pulse Width Modulation 
(PWM). According to the application, the converters are 
connected Back to Back (BtB) in a substation or linked 
through a common DC link (Point to Point: PtP), as 
shown in Fig. 1 [14].  
 

  
Fig. 1. VSC-HVDC transmission link. 

 
The PWM switching control makes it possible to have a 
simultaneous adjustment of the amplitude and phase 
angle of the converter AC output voltage with constant 
DC voltage. This control characteristic allows 
representing the converter’s AC output voltage at side i 
(i=k,m) by a modulated AC voltage source VCi = VCi∠ θCi, 
with amplitude and phase angle limits VCi

min≤VCi≤VCi
max 

and 0≤θCi≤2π, respectively. Hence, the VSC-HVDC 
transmission link can be represented by the voltage 
source-based model, given in Fig. 2. The coupling 

transformer’s impedance is given by CiZ
��

[3]. 
  

 
 

Fig. 2.  Equivalent circuit of the VSC-HVDC transmission link. 

 
 

1) Power flow equations 
 

Based on the equivalent circuit shown in Fig. 2, the 

powers flowing from node i to j (i=k,m; j=k,m; i≠j) are 

[3], 
 

 (1)
 

 

 

2 ( ) ( )inj

ij i Ci i Ci Ci i Ci Ci i CiQ V B VV G sin B cosθ θ θ θ = − − − − −  (2) 

 

where 1/
C i C i C i

G jB Z+ =
�

. The powers flow into the 

converter connected at node i=k,m are given as follows: 
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The AC side voltage magnitude of the converter 

connected at node i, VCi, is related to the PWM’s 

amplitude modulation index, MCi, and to the average DC 

capacitor voltage VDCi by [13],  
 

2 2       [0,1]Ci Ci DCi CiV M V M= ∈              (5) 

 

The operational constraints considered in the model of 

VSC-HVDC are VCi
min≤VCi≤VCi

max, MCi
min≤MCi≤MCi

max 

and VDCi
min≤VDCi≤VDCi

max. It should be noted that the last 

constraint is only applicable when VDCi is not controlled 

at a specified value.  

 

The constraining equation relating to the active power 

exchanged between converters is obtained by neglecting 

losses in the converter circuits. For the Back to Back 

scheme (RDC = 0), it is given by Re{VCkICk
*
+VCmICm

*}=0; 

whilst for a Point to Point scheme with a series resistance 

(RDC > 0), is given by Re{VCkICk
*
+VCmICm

*} +PDC
loss=0. 

 
2) VSC-HVDC control modes 

 

The control modes PQ and PV are defined. If the active 

and reactive powers are set to be controlled by converter i 

at values Pij
spec and Qij

spec, respectively, the constraint 

equations to be satisfied are [3], 
 

0 0inj spec inj spec

ij ij ij ij
P P Q Q− = − =       (6) 

 

If the active power and AC voltage magnitude are set to 

be controlled by converter i, at values Pij
spec and Vi

spec, 

respectively, the constraint equations to be satisfied are, 
 

0 0inj spec spec

ij ij i i
P P V V− = − =      (7) 

 

In both cases, the converter i is set to control the DC side 

voltage at value VDCi
spec. This control action is used in the 

constraining equation representing the active power 

balance between the two converters to assess losses in the 

common DC link. Hence, the active power losses in the 

DC link are PDC
loss = (PCi

2
RDC)/( VDCi

spec)2
. 

 

3. VSC-HVDC-OPF explicit modelling 
 
The VSC-HVDC-OPF formulation is developed by 
considering the VSC-HVDC model in the OPF analysis 
as follows.  

 
A. Objective Function  

 

The objective function f(y) is the minimization of the 

total active power generation costs given by, 
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where ai, bi and ci are the cost curve coefficients for the 

generation bus i. Ng is the number of generators, whose 

individual active output power is Pgi. 



 

 

B. Equality Constraints 

 

In order to represent the steady state operation, the 

energy balance of the power system must be 

unconditionally satisfied. This is enforced by means of 

the set of active and reactive power balance constraints at 

each bus. 
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where Nb is the total number of buses, i=1,2,...,Nb and 

k=1,2,..., Nb|k∉Ng. The active and reactive generation 

powers are, respectively, Pgi and Qgk. The active and 

reactive power loads are Pli and Qlk, respectively. ∑j∈i,k is 
the set of nodes adjacent to node j, whilst Pinj j and  Qinj j 
are active and reactive power flows injected at bus j 

through the j-esim network element described in Section 
2. The power flow injections of the VSC-HVDC 
controller, Pinj jVSC-HVDC and Qinj jVSC-HVDC, are given by 
(1)-(4).  
 
The equality constraints associated with the VSC-HVDC 
operation are included in the OPF algorithm by the 
following set of constraints,  
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The first equation is related with (5), the second is the 
control of VDCi, whilst the third equation corresponds to 
constraint of active power of VSC-HVDC for a PtP 
scheme. 
 
The set of control equations of FACTS device in VSC-
HVDC-OPF model are given by Equation (11) as 
follows, 
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These equality constraints are related with control modes 
of the VSC-HVDC device, which are given by (6) and 
(7), where i=k,m. 
 
C. Inequality Constraints 

 

The physical and operating limits of generators and 

substations are mathematically described by the 

following inequality sets, 
 

1,2,...,
,  
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gi gi gi g

bj j j

P P P i N
Y
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             (12)
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In last equations Pgi, Qgi and Vj are the limits of active 

and reactive power and magnitude voltage of power 

system, respectively. Equation (12) represents a set of 

inequality constraints on variables and (13) is a set of 

functional inequality constraints. 

 

In the VSC-HVDC-OPF formulation, the state variable 

limits of each VSC-HVDC controller must be included as 

an inequality constraints set, as follows, 

 
min max
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                  (14)   

 

Equations (12)-(14) are the full set of inequality 

constraints of VSC-HVDC-OPF model. 

 

4. Practical implementation of VSC-HVDC-

OPF model 
 
The VSC-HVDC-OPF explicit model (8)-(14) has been 
developed by implementing the VSC-HVDC model into 
an existent computational algorithm for conventional 
OPF [12], which is solved by means of the Matlab 
Optimization Toolbox [11]. 
 
From an optimization point of view, the VSC-HVDC-
OPF model represents a continuous nonlinear constrained 
optimization problem, which can be also solved by using 
the fmincon function of Matlab Optimization Toolbox 
[11]. This function uses a Sequential Quadratic 
Programming optimization algorithm, started with 
input/output arguments to configure the optimization 
parameters, set the model to be optimized and display 
information.  
 

A. Arguments of the fmincon function 

 

The fmincon function, as any Matlab function, deals with 

both input IA and output OA arguments. The general form 

of this function is [11], 

 

[ ] fmincon( )A AO I=                         (15) 

 

where IA and OA are sets of input and output arguments, 

respectively. Tables I and II briefly show and describe 

the main elements of these argument sets according to the 

order they must be provided to the fmincon function. 

Details of the option parameters Opt∈IA and output ∈ OA 

are given in [11]. 
 

 

 



 

 

TABLE I.- Description of the input arguments IA. 
 

Name Description 

@fun 
The handle of the M-function file containing the 
objective function, in our case; @(X)objfun_OPF(X). 

X 

The vector containing the numerical value of the 

initial condition of system and VSC-HVDC variables 

(θ, V, Pg, XVSC-HVSC), i.e. X=[θ0, V0, Pg0, VCi,0, θCi,0,  

MCi,0, VDCi,0). 

A 
All these parameter are not of interest in this work, 

they refer to linear equality and inequality constraints. 

They simply are set as empty arguments ([ ]). 

B 

Aeq 

Beq 

Lb 
Vector of lower bounds value of variables, in this 

work applied to the sets V, Pg, VCi, θCi,  MCi and VDCi. 

Up 
Vector of upper bounds value of variables, in this 

work applied to the sets V, Pg, , VCi, θCi,  MCi and VDCi. 

Nlcon 
The handle of the M-function file containing the 
nonlinear equality and inequality functional 
constraints, here; @(X)constraints_OPF(X). 

Opt 
This structure provides optional parameters for the 
optimization process, which are set by means the 
optimset function of Matlab. 

 

 
TABLE II.- Description of output arguments OA. 

 

Name Description 

X 

This vector contains the numeric value of the system 
variables at the VSC-HVDC-OPF model solution, and 
is the same vector considered in IA 

 (see Table I). 
fval Value of the objective function at the solution X. 

eflag 

Describes the exit condition of fmincon; if eflag>0, the 

convergence was reached. If eflag=0, the maximum 

number of iteration was exceeded. If eflag <0, there was 

not convergence. 

output 
Structure that contains information of  the optimization 
process results. 

λ Vector of Lagrangian multipliers at the solution X. 

Gra 
Value of the Gradient of the objective function at the 

solution X. 

Hess 
Value of the Hessian of the objective function at the 

solution X. 
    

 
 
B. VSC-HVDC-OPF computational implementation 

 
In order to implement a general VSC-HVDC-OPF 
program for digital computer, the VSC-HVDC-OPF 
model is solved by using the fmincon function, which is 
executed according to the computational procedure 
described in Figure 3. The proposed VSC-HVDC-OPF 
computational implementation starts reading the power 
system data and convergence tolerance. The power 
system data are converted to pu in order to normalize the 
system quantities, but also to avoid optimization scaling 
problems. The system variables are initialized as follows, 
nodal voltage magnitudes V are set to 1 pu and angles θ 
are set to 0 rad, as in conventional power flow analysis. 
The active power generation levels Pg are initialized 
according to a network lossless Economic Dispatch (ED) 
analysis. For the VSC-HVDC variables, the initial 

conditions for voltage source magnitudes and the voltage 
source angles are 1 pu and 0 rad, respectively, while the 
DC voltage is initialized by a specified value to be 
controlled. The initial condition for the modulation index 
is between 0 and 1. 

 

This analysis is formulated as a nonlinear programming 
problem, where the objective function (8) is the 
considered in the VSC-HVDC-OPF model; the equality 
constraint are the active power balance between the total 
generation and the total load in each bus of the power 
system, whilst the inequality constraints only correspond 
with the generation active power limits. The constraints 
and the objective function are written in two separated 
Matlab functions M1 and M2, respectively, which are 
called by the fmincon function executed from the 
implemented ED function [12]. 
 

The vector of initial conditions X is then passed to the 

implemented VSC-HVDC-OPF function, where the 

fmincon function is newly executed to obtain the solution 

of the VSC-HVDC-OPF model. The constraints (9)-(14), 

are written in another Matlab function (M3), called by 

fmincon, along with the objective function (8) written in 

M2, from the implemented VSC-HVDC-OPF function. 

The optimal solution X is used to compute the network 

active and reactive power flows, which are finally 

reported in a text file and on the computer display. 

 

 
 

 

 

 
 

Fig. 3. VSC-HVDC-OPF computational algorithm. 

 

5.  Numerical examples 
 
In order to illustrate numerically the prowess of the 

proposed implementation to carry out the VSC-HVDC-

OPF analysis, the IEEE two-area benchmark power 

system and the 46-machine, 190-bus model of the 

Mexican system are considered in the numerical 

examples. The convergence tolerance of the optimization 

System Data Input 

Apply PU System 

Run fmincon Function 
(ED) 

Compute Network 
Power Flows 

 Print results   END 

ED 
Constraint
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Objetive 
Function 

Set Initial 
Conditions X 

Run fmincon Function 

(VSC-HVDC-OPF) 

VSC-HVDC-OPF 
Constraints 

    START 



 

 

process in both systems was set at 1x10-9. 

 

A. IEEE two-area benchmark power system-BtB VSC-

HVDC scheme 

 

The case study of IEEE two-area benchmark power 
system [15], reported in [3], is reproduced and the results 
are compared with the results obtained by proposed 
implementation. The system consists of two identical 
areas (Area 1 and Area 2) connected through a relatively 
weak double-circuit tie line. The parameters and 
characteristics of this power system are given in [15] and 
the simulation parameters of the OPF model with the 
VSC-HVDC device are given in [3]. Without the FACTS 
device connected to power system, 320.84 MW of active 
power is transferred from Area 1 to Area 2 with a total 
cost of 17,665.602 $/hr. The original network has been 
modified, as shown in Fig. 4, to include a BtB VSC-
HVDC system (RDC=0) which is used to increase the 
active power flow through the inter-area link to 450 MW, 
and to set voltage magnitudes at nodes 8 and 8fa at 1 pu. 
 

  

Fig. 4. IEEE two-area benchmark system with a BtB 
VSC-HVDC system. 

 
The solution obtained by the proposed implementation 
compares well with that reported in [3], as illustrated in 
Table III.  

 

TABLE III. – Comparison between both solutions of the VSC-
HVDC-OPF model. 

 

Parameter Proposed [3] 

Cost ($/hr) 17,808.080 17,808.100 

Losses (MW) 87.048 87.050 

Losses (MVAR) 1,024.834 1,024.840 

Generation (MW) 2,821.050 2,821.050 

Generation (MVAR) 674.830 674.840 

 
The table shows that the solutions are very similar, 
therefore it can be concluded that the proposed 
implementation is reliable for the analysis of OPF model 
with the VSC-HVDC device. Also the table show that, 
although can be negligible, the proposed approach yields 
slightly lower power losses and therefore a more 
economic dispatch. With the VSC-HVDC device 
connected to electric system, the total cost is higher than 
without the device, because of increase of active power 
losses, which is in turn caused by the increase of active 
power flow transferred from Area 1 to Area 2. 

B. 46- Machine, 190-Bus Mexican Power System-PtP 

VSC-HVDC scheme 

 
In this section the proposed implementation is used to 
carry out the VSC-HVDC-OPF analysis on a Mexican 
Interconnected Power System (MIS) equivalent model 
that consists of 190 buses, 46 generators, 90 loads and 
265 transmission lines operating at voltage levels ranging 
from 400 kV to 115 kV [16]. The schematic diagram of 
this system is shown in Fig. 5. The voltage magnitude 
limits for all nodes are set to 0.94≤Vi≤1.07 pu, whilst the 
active and reactive power limits for all generators were 
set to 0≤Pgi≤1250 MW and -250≤Qgi≤350 MVAR, 
respectively.  
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.5. Schematic diagram of the Mexican Interconnected Power 
System. 

 
Firstly, a conventional OPF analysis (base case) is 
executed. This base case computes an optimal steady 
state operating point with total generation cost of 
21,095.740 $/hr, and revels that 6.59 MW are transferred 
from node 80 to 76 across the single line connecting both 
nodes. The voltage magnitude at node 80 is 1.042 pu, as 
indicated in column 2 of Table IV. Then the MIS is 
modified to integrate a PtP VSC-HVDC system. The first 
voltage source of PtP VSC-HVDC is connected to node 
80, whilst the second voltage source is connected to a 
new substation called 80a. The PtP VSC-HVDC system 
is commissioned to increase the active power flow to 10 
MW across the transmission line connected now between 
nodes 80a and 76, and to set voltage magnitudes at nodes 
80 and 80a at 1 pu.  
 
The controller coupling transformer impedances are set at 
0.001 + j0.01 pu. The lower and upper limits associated 
to the first and second voltage magnitude source are 
0.97≤VC1≤1.04 pu and 0.95≤VC1≤1.1 pu, respectively. 
The amplitude modulation index limits and their initial 
conditions are 0.5≤MCi≤1.0 and 0.9, respectively. The DC 
voltage magnitude limits of both converters are 
2.0≤VDC≤4.5 and the DC voltage is fixed at 3.0 pu. The 
DC link resistance is set to 0.0034 pu. The Tables IV and 
V summarize the results of the conventional OPF (base 
case) and the VSC-HVDC-OPF analysis.  



 

 

TABLE IV.- Nodal complex voltages of VSC-HVDC-OPF and 

OPF (base case). 

 

Node 

OPF (base case) VSC-HVDC-OPF 

Voltage 

(pu) 

Angle 

(deg) 

Voltage 

(pu) 

Angle 

(deg) 

80 1.042 6.300 1.000 6.500 

76 1.046 6.253 1.012 6.369 

80a ------ ------ 1.000 6.493 

 
TABLE V.- Summary results of TCSC-SVC OPF and OPF. 

 

Results 

OPF 

(Base 

Case) 

VSC-

HVDC-

OPF 

MW flow in compensated line 6.59 10.00 

Generation (MW) 18,609.05 18,610.22 

Generation (MVAR) 1,916.08 2,180.47 

Losses (MW) 252.052 252.224 

Cost ($/hr) 21,095.74 21,099.36 

 
It is noteworthy that the numerical examples were 
executed in an Asus PC with Intel(R) Core(TM) i5-
3210M processor at 2.5 GHz and 6 GB of RAM. The 
CPU time required to carry out the VSC-HVDC-OPF 
solution was of 6.06 sec with the first system and 603.92 
sec with the Mexican Interconnected Power System. 
 

 6.  Conclusions 
 
The proposed VSC-HVDC-OPF model is written into a 
unified reference frame, such that the whole set of 
electrical variables (voltage phasors and powers) and 
variables of VSC-HVDC-OPF can be solved 
simultaneously. But it must be pointed out that the 
proposed formulation readily allows to either consider or 
not the steady state operation of a given FACTS device 
into the power system simulation. The VSC-HVDC-OPF 
model was integrated into an OPF Matlab-based model, 
and the solution process uses the fmincon function of the 
Optimization Toolbox. Independently of the value of the 
initial condition of the state variables, the VSC-HVDC 
model presents very good robustness towards 
convergence and yields practical solutions. Solutions 
have been obtained through numerical examples where 
the OPF problem is integrated with FACTS devices. The 
results show that the proposed implementation allows 
simulating the economic operation of power systems 
readily. The time required to compute the optimal steady 
state is short enough for academic and/or research 
purposes, and perhaps promising to carry out power 
system planning studies.  
 
Another advantage of this proposal is that the VSC-
HVDC model is easily implemented into the OPF 
formulation due to the flexibility provided by the 
optimization toolbox of Matlab. Taking advantage of this 
easiness, the model of any other device of the FACTS 
family, as well as a large variety of optimization 
applications of power systems, can be readily integrated 
into the conventional OPF model. 
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